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Abstract
We prove that the Hermite–Hadamard inequality on simplices characterizes convex functions
under some assumptions on the measure.
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1. Introduction
The aim of this paper is to prove the converse of the Hermite–Hadamard inequality on
simplices, in the framework of Borel measures. For the case of the normalized Lebesgue
measure the proof of the converse appeared in [11].
Assume that K is a metrizable compact convex subset of a locally convex Hausdorff
space E . Given a Borel probability measure µ on such a subset K , one can prove the
existence of a unique point bµ ∈ K (called the barycenter of µ) such that
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x ′(bµ) =

K
x ′(x) dµ(x)
for all continuous linear functionals x ′ on E .
As pointed out by Niculescu [5], the following theorem due to Choquet relates a given
mass distribution to the geometry of K , stating an extension of the Hermite–Hadamard
inequality.
Theorem 1. Let µ be a Borel probability measure on a metrizable compact convex
subset K of a locally convex Hausdorff space. Then there exists a probability measure
λ on K which has the same barycenter as µ, is null outside Ext K , and verifies the
inequality
f (bµ) ≤

K
f (x) dµ(x) ≤

Ext K
f (x) dλ(x)
for all continuous convex functions f : K → R.
Here Ext K denotes the set of all extreme points of K .
For more details on this topic see [5–8].
The measure λ is not unique, except for the case of simplices [9, Section 10]. That case
has already been investigated for the context of Lebesgue measure (see [1,4]). In the larger
framework of Borel measures, the Hermite–Hadamard inequality for convex functions on
simplices reads as follows.
Corollary 1. Let P1, . . . , Pn+1 be the vertices of the simplex ∆ ⊂ Rn, µ a Borel measure
on ∆. Let λ1, . . . , λn+1 be nonnegative numbers such that bµ = 1µ(∆)

∆ x dµ(x) =
j λ j Pj and

j λ j = 1. If f : ∆→ R is continuous and convex, then
f

bµ
 ≤ 1
µ (∆)

∆
f (x) dµ (x) ≤

j
λ j f

Pj

.
See [3] for details. We will refer to these inequalities as (L H H) and (RH H).
The continuity assumption can be cancelled for the particular case of Lebesgue
measure [1], and it was noticed in [12] that the same thing can be done while dealing
with absolutely continuous measures with respect to Lebesgue measure.
2. Main results
We consider the n-dimensional simplex
En+1 =

(t1, . . . , tn+1) : ti ≥ 0 for all i,
n+1
i=1
ti = 1

.
Corollary 2. Let P1, . . . , Pn+1 be the vertices of the simplex ∆ ⊂ Rn . Let ν be a Borel
measure on En+1, and put bν = (λ1, . . . , λn+1) ∈ En+1. If f : ∆→ R is continuous and
convex, then
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f

j
λ j Pj

≤ 1
ν (En+1)

En+1
f (P · u) dν (u) ≤

j
λ j f

Pj

,
where P · u = j u j Pj .
If we consider the push-forward measure µ = T #ν, where T : En+1 → ∆, T (u) =
P · u, we have
1
µ (∆)

∆
f (x) dµ (x) = 1
ν (En+1)

En+1
f (P · u) dν (u)
and
bµ = 1
µ (∆)

∆
x dµ (x) = 1
ν (En+1)

En+1
P · u dν (u) = P · bν =

j
λ j Pj ,
i.e. Corollary 1 is equivalent to Corollary 2.
On simplices each x ∈ ∆ can be written as

j
α j (x) Pj = x

j
α j (x) = 1.
Here all α j ’s are positive affine functions of x , hence
1
µ (∆)

∆
α j (x) dµ (x) = α j

1
µ (∆)

∆
x dµ (x)

= α j

bµ
 = λ j .
We will need the following lemma.
Lemma 1. Assume that D ⊂ Rn is a nonempty open convex set and f : D → R is
a continuous function. Then f is convex if and only if for all simplices ∆ ⊂ D and
for all affine functions L the function f + L attains its supremum at an extreme point
of ∆.
Proof. Necessity: If f is convex, so is the sum F = f + L . Since every point x of an
arbitrary simplex ∆ ⊂ D is a convex combination of its vertices, we have
sup
x∈∆
F (x) = sup
x∈∆
F

j
α j (x) Pj

≤ sup
x∈∆

j
α j (x) F

Pj
 = max
j

F

Pj

.
Sufficiency: Given a simplex ∆, there exists an affine function L which agrees with f at
the extreme points of ∆ (i.e. L(Pj ) = f (Pj ) for all j). Then
sup
x∈∆
{ f (x)− L (x)} = 0,
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which yields
0 ≥ f

j
α j (x) Pj

− L

j
α j (x) Pj

= f

j
α j (x) Pj

−

j
α j (x) L

Pj

= f

j
α j (x) Pj

−

j
α j (x) f

Pj

for all x ∈ ∆. 
The unidimensional case of this lemma is a known result of Saks [10].
The Hermite–Hadamard inequality is not just a consequence of convexity, but it even
characterizes convex functions in the case of a fairly general class of absolutely continuous
measures µ on D, as the next theorem shows.
Theorem 2 (The Converse of the Hermite–Hadamard Inequality for Convex Functions on
Simplices). Assume that D ⊂ Rn is a nonempty open convex set and µ is a Borel measure
on D such that dµ(x) = p(x) dx, where p : D → [0,∞) is a continuous function such
that {x ∈ D : p(x) = 0} does not contain any nontrivial segment. Let f : D → R be a
continuous function.
(1) If f satisfies the inequality (L H H) for all simplices ∆ ⊂ D, then f is convex.
(2) If f satisfies the inequality (RH H) for all simplices ∆ ⊂ D, then f is convex.
Proof. (1) Assume that (L H H) holds, that is
f

1
µ (∆)

∆
x dµ(x)

≤ 1
µ (∆)

∆
f (x) dµ (x) , (2.1)
for all simplices ∆ ⊂ D. Obviously the function g (x) = f (x) + α · x satisfies the same
relation for all α ∈ Rn . We shall prove the convexity of f by applying Lemma 1.
We proceed by reductio ad absurdum. Suppose that there exist ∆ and α such that
g(x) = f (x) + α · x does not attain its supremum at an extreme point of ∆. Let ζ ∈ ∆
such that g(ζ ) = supx∈∆ g(x) = M , and take a vertex P of ∆. Let θ = sup{τ ∈ [0, 1] :
g (ζ + τ(P − ζ )) = M}. Since g(P) < M , we have θ < 1. Let ξ = ζ + θ(P − ζ ). Then
there exists a (small) vector w ∈ R(P − ζ ) such that the segment [ξ − w, ξ + w] lies
entirely in ∆ and g is not constant on any neighborhood of ξ in this segment.
Now let v1, . . . , vn−1 ∈ Rn be such that {v1, . . . , vn−1, w} is a basis of Rn , and
[ξ −w, ξ +w] + vi ⊆ ∆ for 1 ≤ i ≤ n − 1. For s ∈ [ξ −w, ξ ] let ∆m(s) be the simplex
of vertices s, s + 1m v1, . . . , s + 1m vn−1, s +w(m ∈ N). Let bµ,m(s) be the barycenter of µ
on ∆m(s).
For a continuous function h on ∆ we have:
1
µ(∆m(s))

∆m (s)
h(x) dµ(x) =

∆m (s)
h(x)p(x) dx
∆m (s)
p(x) dx
.
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To compute the integrals over ∆m(s), we introduce the parameter sets
Σn(t) =

(t1, . . . , tn) : ti ≥ 0 for all i,
n
i=1
ti ≤ t

for t ≥ 0. The Lebesgue measure (volume) of Σn(t) is inductively shown to be tnn! . We put
Σn for Σn(1) and define the (bijective) mapping T : Σn → ∆m(s) by
T (u1, . . . , un) = s + u1m v1 + · · · +
un−1
m
vn−1 + unw.
We consider the measure ρ on Σn to be such that T #ρ is the Lebesgue measure on∆m(s).
Since T is an affine mapping, ρ is a constant multiple of the Lebesgue measure on Σn (this
constant being the determinant of the linear mapping associated to T ). Thus,
∆m (s)
h(x)p(x) dx
∆m (s)
p(x) dx
=

Σn
h

s + wun + 1m
n−1
i=1
uivi

p

s + wun + 1m
n−1
i=1
uivi

dρ(u)

Σn
p

s + wun + 1m
n−1
i=1
uivi

dρ(u)
=

Σn
h

s + wun + 1m
n−1
i=1
uivi

p

s + wun + 1m
n−1
i=1
uivi

du

Σn
p

s + wun + 1m
n−1
i=1
uivi

du
−−−−→
m→∞

Σn
h (s + wun) p (s + wun) du
Σn
p (s + wun) du
=
 1
0 h (s + wun) p (s + wun)

Σn−1(1−un) du1 . . . dun−1 dun 1
0 p (s + wun)

Σn−1(1−un) du1 . . . dun−1 dun
=
 1
0
h (s + wt) · p (s + wt) (1− t)
n−1 1
0 p (s + wτ) (1− τ)n−1dτ
dt,
and this is continuous in s ∈ [ξ −w, ξ ]. If h(x) = x (the components of the integral being
the integrals of the components), then clearly
bµ,∞(s) :=
 1
0
(s + wt) · p (s + wt) (1− t)
n−1 1
0 p (s + wτ) (1− τ)n−1dτ
dt ∈ (s, s + w) ,
the last term standing for a segment without its endpoints. Since bµ,∞(ξ−w) ∈ (ξ−w, ξ)
and bµ,∞(ξ) ∈ (ξ, ξ + w), there must be s¯ ∈ (ξ − w, ξ) such that bµ,∞(s¯) = ξ .
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Now, since g satisfies (L H H),
g

1
µ(∆m(s¯))

∆m (s¯)
x dµ(x)

≤ 1
µ(∆m(s¯))

∆m (s¯)
g(x) dµ(x).
For m →∞ and because of the continuity of g, this gives (bµ,∞(s¯) = ξ)
g(ξ) ≤
 1
0
g (s¯ + wt) · p (s¯ + wt) (1− t)
n−1 1
0 p (s¯ + wτ) (1− τ)n−1dτ
dt < g(ξ),
since s¯ ≠ ξ − w, s¯ ≠ ξ , and by assumption there exists t ∈ [0, 1] such that g (s¯ + wt) <
g(ξ). But this is a contradiction.
(2) We consider now that (RH H) holds for all ∆ ⊆ D. We proceed again by reductio
ad absurdum. Assume that f is not convex. Then there exist x, y ∈ D and ε ∈ (0, 1) such
that
f ((1− ε)x + εy) > (1− ε) f (x)+ ε f (y).
Let
ε1 = inf{t ∈ [0, ε] : ∀τ ∈ [t, ε] f ((1− τ)x + τ y) > (1− τ) f (x)+ τ f (y)},
ε2 = sup{t ∈ [ε, 1] : ∀τ ∈ [ε, t] f ((1− τ)x + τ y) > (1− τ) f (x)+ τ f (y)}.
Since f is continuous, ε1 < ε < ε2. Let a = (1− ε1)x + ε1 y, b = (1− ε2)x + ε2 y. For
every λ ∈ (0, 1) we then have:
f ((1− λ)a + λb) = f [((1− λ)(1− ε1)+ λ(1− ε2))x + ((1− λ)ε1 + λε2)y]
= f [(1− ε1 + λε1 − λε2)x + (ε1 − λε1 + λε2)y]
> (1− ε1 + λε1 − λε2) f (x)+ (ε1 − λε1 + λε2) f (y)
= (1− λ) f (a)+ λ f (b), (2.2)
because f (a) = (1− ε1) f (x)+ ε1 f (y) and f (b) = (1− ε2) f (x)+ ε2 f (y).
Let vectors v1, . . . , vn−1 ∈ Rn be such that {v1, . . . , vn−1, b − a} is a basis of Rn . We
assume that v1, . . . , vn−1 are small enough, so that a + vi lies in D for 1 ≤ i ≤ n − 1. We
then put Pmi = a + 1m vi for m ∈ N, 1 ≤ i ≤ n − 1, and denote by∆m ⊆ D the simplex of
vertices Pm1 , . . . , P
m
n−1, a, b and by S the segment from a to b.
Let bµ,m denote the barycenter of µ on ∆m ,
bµ,m = 1
µ(∆m)

∆m
x dµ(x).
The limit for m → ∞ can be computed as in the proof of the first part of the theorem.
If we replace there s by a and w by b − a, then ∆m(s) becomes the current ∆m , and we
obtain
lim
m→∞ bµ,m =
 1
0
[a + t (b − a)] · p[a + t (b − a)](1− t)
n−1 1
0 p[a + τ(b − a)](1− τ)n−1dτ
dt =: bµ,∞.
For convenience we put ν for the measure on S which is defined as the push-forward by
t → a + t (b − a) of the probability measure p[a+t (b−a)](1−t)n−1 1
0 p[a+τ(b−a)](1−τ)n−1dτ
dt on the interval
[0, 1]. Then, bµ,∞ =

S x dν(x).
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Now let λ(m)1 , . . . , λ
(m)
n+1 be positive numbers such that
n−1
j=1 λ
(m)
j

+ λ(m)n + λ(m)n+1 = 1
and
bµ,m =

n−1
j=1
λ
(m)
j P
m
j

+ λ(m)n a + λ(m)n+1b
for m ∈ N. Let (mk)k be a sequence, for which all λ(mk )j converge, and set
λ∞j = limk→∞ λ
(mk )
j for 1 ≤ j ≤ n + 1.
It then holds:
bµ,∞ = lim
k→∞ bµ,mk = limk→∞

n−1
j=1
λ
(mk )
j P
mk
j

+ λ(mk )n a + λ(mk )n+1 b

=

n−1
j=1
λ∞j a

+ λ∞n a + λ∞n+1b = (1− λ∞n+1)a + λ∞n+1b.
Now, since f satisfies (RH H), we have
1
µ(∆m)

∆m
f (x) dµ(x) ≤

n−1
j=1
λ
(m)
j f (P
m
j )

+ λ(m)n f (a)+ λ(m)n+1 f (b)
for m ∈ N. For m = mk →∞ we obtain
S
f (x) dν(x) ≤

n−1
j=1
λ∞j f (a)

+ λ∞n f (a)+ λ∞n+1 f (b)
= (1− λ∞n+1) f (a)+ λ∞n+1 f (b). (2.3)
On the other hand, since x ∈ S is a convex combination of the endpoints a, b, we can write
x = (1− λ (x)) a + λ (x) b and get
(1− λ∞n+1)a + λ∞n+1b = bµ,∞ =

S
x dν(x)
=

S
[(1− λ (x)) a + λ (x) b] dν(x)
=

S
(1− λ (x)) dν(x) · a +

S
λ (x) dν(x) · b,
so λ∞n+1 =

S λ (x) dν(x).
Thus, since λ (x) ∈ (0, 1) for interior points x ∈ S, it follows from (2.2) that
S
f (x) dν(x) >

S
[(1− λ (x)) f (a)+ λ (x) f (b)] dν(x)
=

S
(1− λ (x)) dν(x) · f (a)+

S
λ (x) dν(x) · f (b)
= (1− λ∞n+1) f (a)+ λ∞n+1 f (b),
which contradicts (2.3).
At this point the reductio ad absurdum is completed. 
396 F.-C. Mitroi, E. Symeonidis / Expo. Math. 30 (2012) 389–396
Remark 1. The case n = 1 of this theorem gives a different and improved view of the
converse of the Hermite–Hadamard inequality compared with the similar result in [2, The-
orem 3], due to the fact that the statement holds for any fixed measure µ which satisfies
the hypothesis.
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